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ACURVED-BEAM is a basic structural element; it repre-
sents many engineering structures either to be used alone

or contained in a system with structural members of other
elementary forms. When such a curved-beam element is
employed in a space frame, the loads exerted at the nodes, i.e.,
the end points, are three-dimensional in the most general case.
The stiffness matrix, which relates the forces to the displace-
ments, is of the order of 12 X 12, because six general nodal
forces exist at each node. The nodal forces comprise three
rectilinear force components Fx, Fy, and Fz, one torsional
moment Mx, and two bending moments My and Mz, among
which Fx, Fy, and Mz are of the in-plane force components that
lie in the plane containing the curved-beam element, and the
remainders Fz, Mx, and Mv are of the normal-to-plane force
components that produce, at any cross section of the curved-
beam, the twisting and bending moments. It is a known fact
that a stiffness matrix of a structure may be composed by con-
stituent submatrices. The stiffness matrix of the in-plane
force components is readily available,1-2 but that of the nor-
mal-to-plane force components is not seen to exist in an ex-
plicit closed form. To find the generalized stiffness matrix of a
curved-beam element is, therefore, reduced to seeking that
submatrix of the force components of the second group. It is
the purpose of this Note to present the generalized stiffness
matrix with emphasis on the derivation of the stiffness matrix
of the noncoupled normal-to-plane loads. The result may
serve as a supplement to the subject matter treated in Ref. 2.
Such a generalized stiffness matrix is of practical engineering
importance, because it is a requisite to have a precise stiff-
ness matrix when dynamic responses or internal forces of a
structural system are sought. Furthermore, the closed form
expressions can expedite hand calculation, especially for those
who are unable to gain easy access to a digital computer to
perform a matrix inversion.

A curved-beam element of uniform cross section is con-
sidered. Notations as well as directions of positive nodal
forces and displacements are taken as shown in Fig. 1.
Force vectors are represented by arrows, and moment vectors
are represented according to the right-handed screw rule by a
double arrowhead. The flexural stiffness calculated for a
traverse cross section is represented by EIy, and the torsional
stiffness by GJ.

The derivation will proceed to obtain the flexibility matrix
for the curved-beam element subjected to the set of normal-to-
plane nodal forces at the left end with the right end being
clamped. The corresponding displacements will be deter-
mined by introducing the strain energy Un expressed in terms
of the nodal forces, and then applying Castigliano's second
theorem. When cross-sectional dimensions are taken as
small compared with R, the total strain energy takes the form3

TT R ( f?M* fvT* \Un = o I I ^T da + I -^ da }2 \Jo Ely J o GJ /
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Fig. 1 Nodal forces and displacements relevant to a
curved-beam element.

where the bending moment M and twisting moment T may be
expressed as

M = —FziR sina + Mxi sine* — Mzi cosa (D
and

T = -FzlR(l - cosa) - Mxl cosa - Mzl sma (2)

Applying Castigliano's theorem gives the displacements at
node 1 as
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Carrying out the calculations with the aid of Eqs. (1) and (2)
and then collecting terms into a single matrix equation give
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where a ratio p = EIy/GJ has been incorporated, and the
constants are defined as

a = -i (ft - sin/3 cos/3)

b = $ sin2/3

c = * ( p + sin/3 cos/3)

d = sin/3 — c

e = I — cos/3 — b

f = 13 - 2 sin/3 + c

Inverting the flexibility matrix [77], which satisfies the
reciprocal theorem, enables the nodal forces to be expressed in
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terms of the nodal displacements under the imposed boundary
conditions. Mathematically, it is

and the elements in the above square matrix are

(J? )\r zi I T?JW - § M-1
IM*} R* (3)

The corresponding matrices are self-evident, and the inverse
of [77] is a symmetric array of elements represented by

r !_!M l =
adj 77

~
1

— ^23
An analytic inversion of [77] was determined by calculating

the co-factors and the determinant. The final results are as
follows

p2)(/32 - sin2/3) + p(/32 + sin2/3)]

7712 = (l/4#3)[(/32 - sin2/3) + 2p/3(/3 - sin/3) +

p2{/3(/3 - 2 sin/3) + sin2/3}]

*7i3 = [p(l - eos/3)/2E3][(/3 + sin/3) + p(/3 - sin/3)]

7722 = (V#2)[i(£2 - sin2/3) + p{/32 - (/3/2) sin/3(2 -
cos/3) - isin2/3} + p2{f/32 - (0/2) sin/3(2 +

cos/3) + I- sin2/3 + 2 cos/3 - 2} ]

^3 = [p(i _ cos/3)/2#2] [(sin/3 - 0 cos/3) +

p{/3(2 + cos/3) - 3 sin/3}]

7733 = (p/2#2) [/3(/3 - sin/3 cos/3) + p(£2 +

/3sin /3cos/3 - 2sin2/3)]

and

17 1 = (p/£4)[(/3/4)(/32- sin2/3) +

pj/3(^sin2^ + cos/3 - 1) - sin/3(l -

cos/3) + j88/2} + p2{sin/3(l - cos/3) -
/3(isin2/3 - cos/3 + 1) + /33/4}]

The forces at node 2 can be formed by imposing equilibrium
conditions. The applicable equations may be written as

FA + Frf = 0

FziR sin/3 — Mxi sin/3 + Myi cos/3 + MyZ = 0
FzlR(l - cos0) + Mxi cos0 + Myi sin/3 + Mx2 = 0

Expressed in a matrix form, it is

(F22
\Mi
M

2 ) F-i
'**\ =\ R(cos/3 -
'1/2) L—R sin/3

0 0
1) —cos ft —sin ft

sin ft — cos ft _

(4)

[J] represents the transfer matrix relating two sets of force
components between nodes 1 and 2. When forces at node 2
are to be expressed in terms of the displacements at node 1, it
can be achieved by substituting Eq. (3) in Eq. (4) to yield

where

£JJ^ Ff 11 f 12 f 13"!

It 77 I 5. ;- 5- I
1 1 Li 81 S82 S33J

?2i = —Rrjn + (^^7n — W coSjS + 7712

£22 = — #7713 + (^^7i3 — ^33) + ^723 sinjS

£23 = 7^7712 + (7723 — #7712) + cos/3 — 7722 sin/3

fsi = (^713 — Ryn) sin/3 + 7712 cos/3

fs2 = (1733 — ^^713) sin]S + 7723 cos/3

fss = (^23 + ^r?i2) sin/3 — 7722 cos/3

By reasoning paralleling that in obtaining [Kiz] and [^22]
of the in-plane forces as discussed in Ref . 2, the two counter-
parts in [Kn], namely |7£i2n] and [K^n], may be formed by in-
spection. It leads to that |7£2in] = [^i2n]r and [K^n] is
identical with [Kun] except the possible sign changes on the
off-diagonal elements. Expressed in terms of the obtained
matrix elements, it has

Having determined all four submatrices, the stiffness
matrix of a curved-beam element for the normal-to-plane
forces can be assembled to be

Mvl

F*
Ma

(5)

and [Kn] is seen to be 6 X 6. The closed form stiffness ma-
trix of a curved-beam element for the in-plane forces is known.
Conforming to the notations presently adopted, it may be
written as

= (K] (6)

in which the submatrices [̂ 11], [̂ 21] = [Kn]T, and [^22] in
explicit form are given in Ref. 2 by Eqs. (5.19), (5.22), and
(5.24), respectively.

The generalized stiffness matrix of the curved-beam element
can then be obtained by an assemblage of Eqs. (5) and (6).
The resulting matrix is of the order of 12 X 12, and is of the
form

f P. 1

•Knl 0 \Ku\ 0

qJKii-jo__iKi2^
jfifj 0 :K22i 0

_ 0 \KtoA 0 1^22"

( 02

(7)
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The forces and displacements in Eq. (7) can be presented in
a more tractable form. For instance, the column matrix of
the force vectors can be put in the sequence as [F X\,F y\,F e\,
Mxi,Myi,Mzi,Fxz,. . . ,Mzz}T. The square array of elements in
the stiffness matrix must then be rearranged accordingly, but
the explicit form is too lengthy to be included. It can be done,
however, much more easily when all terms in that stiffness
matrix have been numerically evaluated.
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where
exp[-Apq(x2)rprq], Apq ^ 0 (3)

This scheme attempts to construct a model from the Gaussian
distribution <p and its first k moments.

This approach proved unsatisfactory for the turbulence
data. The difficulty was the determination of analytic ap-
proximations uniformly valid over a wide range of r» separa-
tions; to be specific, good matches for small TI decayed too
rapidly as r» increased to the order of half the wake thickness.
Increasing the value of k from 4 to 8 showed, as indicated pos-
sible by Cramer,2 little improvement.

Reconsideration of the physics of turbulent flows suggested
a " two-component" model. The reasoning, similar to that of
Grant1 and Townsend,3 is that the small-scale motions are
nearly Gaussian whereas the large-scale motions surely are
not. Hence, the model chosen used <p and its derivatives to
represent the large eddies and a pure exponential to describe
the small eddies, e.g.,
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Nomenclature

Apq = matrix (3 X 3) of constants [see Eq. (3)]
Bij = matrix (3 X .3) of constants [see Eq. (6)]
Cij(xz) = matrix (3 X 3) of numbers dependent on x2 [see

Eq. (2)]
matrix (3 X 3 X 3 X 3) of constants [see Eq. (6)]
matrix (3 X 3) of constants [see Eq. (5)]
square error [see Eq. (7)]
trial functions [see Eq. (6)]
matrix (3 X 3) of numbers [see Eqs. (4) and (5)]
three-vector position difference
covariance tensor [see Eq. (1)]
diagonal elements of Rij (no sum)
position vectors of measuring probes
weight function [see Eq. (7)]
Gaussian distribution [see Eq. (3)]
Gaussian distribution [see Eq. (5)]

Dpq
E
Fa
Mij(xz)

Xi,x'i
W(r)
<P(T,X<I)

THE method described below arose from the requirement to
fit analytic forms to velocity covariances measured in the

turbulent wake of a circular cylinder.1 The covariance is de-
fined by

= 1,2,3) (1)
where r = x' — x is the three-vector separation of measuring
probes located at x and x'. Grant measured Rij defined as in
Eq. (1) for i = j = 1, 2, 3 for various r, £2 values. His mea-
surements generated 49 curves.

Early attempts by the author to fit analytic expressions to
the data were based on a series of multidimensional Hermite
polynomials, e.g.,

k
E (2)
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where <p is defined by (3), and

= exp[-Dpqrprq], Dpq } 0,

(4)

(5)

Applying (4) and (5) yielded, for the 49 curves measured by
Grant, errors of less than 10% for the first five moments and
pointwise errors generally of less than 10%. This is more
than adequate due to inherent difficulties in turbulence mea-
surements wherein 10-20% errors are customary.

The largest errors in quantities usually considered sig-
nificant in turbulent flows occurred in the Taylor microscale,
which is closely associated with the curvature at the r» origin.
This was not a serious fault for the immediate problem of de-
termining large eddy structure, which is detailed elsewhere.4'5

For applications in which the Taylor microscale is impor-
tant, it appears that generalization of ^ to higher-order
Hermitian polynomials is the simplest approach. This is con-
sistent with the idea that \[/ describes the small-scale eddies
that determine the Taylor microscale.

A note on computation techniques as used on the IBM
7074 may be useful. The error criterion used to determine the
best match, e.g., best values of Dpq, Ca, Apq, was to minimize
the integrated square error. Grant's data included only the
trace of the correlation tensor, hence i = j. For computa-
tional simplicity the programed forms of (4) and (5) were
taken as

Fa = Caa(l + Bij-rpj + Cijk
(1 - Caa) exp[-Dpqrprq] (6)

where Fa (a = 1,2,3) is the trial match for Raa (no sum on
repeated Greek indices).

Since Grant's data consisted entirely of Raa measurements
and predominantly of probe separations along the r» axes, the
form (6) was programed in a considerably simplified version.
The Apq and Dpq were taken to be diagonal tensors. The odd-
ordered derivatives of <p were dropped as well as cross deriva-
tives. The basis for these simplifications is the lack of data at
separations in more than one r» direction. Therefore, BH
and dj also were taken to be diagonal and dependent only on
x*.

Since Grant found three basic types of correlations, i.e.,
positive, single zero, and double zero, slightly different pro-
grams were used in each case in the initial investigation.5
Zeroes and/or zero slope points of Raa were used to reduce
computer time. Initial values were picked for Caa, AH, and
Da and automatically varied to minimize the square error E
defined by

E /
CO-. - Fa)W(r)dr (7)


